Abstract. A novel hybrid channel estimator is proposed for multiple-input multiple-output orthogonal frequency-division multiplexing (MIMO-OFDM
Introduction
Orthogonal frequency division multiplexing (OFDM) is a popular method for high data rate wireless transmission [1] . Wireless standards such as digital audio broadcasting (DAB), digital video broadcasting-terrestrial (DVB-T), the IEEE 802.11a local area network (LAN) and the IEEE 802.16a metropolitan area network (MAN) have adopted OFDM technology. OFDM is also a potential candidate for fourth-generation (4G) mobile wireless systems. When OFDM is combined with multiple-input multiple-output (MIMO) system, it converts the frequency selective channel of the MIMO channel into a set of parallel frequencyflat channels. This decreases the MIMO receiver complexity [2] . Further, MIMO system provides spatial diversity by having spatially separated antennas [3] . Combination of OFDM and MIMO aims to increase the diversity gain and/or to enhance the system capacity [4] . Further, antenna selection in MIMO-OFDM systems provide considerable gains while only requiring a small amount of feedback to convey information to the receiver about the chosen transmit antennas [5] [6] [7] . The antenna to subcarrier assignment (ATSA) is signaled in a control channel from the transmitter to receiver.
In MIMO-OFDM systems, the antenna selection can be performed based on group-of-subcarriers or on a persubcarrier. In bulk selection, one or more antennas are chosen among the available antennas, based on signal to noise ratio or based on performance metrics such as capacity or bit error rate (BER), for transmission on all frequencies. This reduces channel state information (CSI) feedback requirement and number of radio frequency (RF) chains. The per-tone selection is capable of achieving a much lower BER as it exploits an additional degree of freedom that allows the antenna selection to differ across the utilized bandwidth [8] , [9] .
In MIMO-OFDM system with per tone transmit antenna selection, channel estimation is the most essential task in compensating distortion from channels. LMMSE based channel estimation technique performs well in rapid dispersive fading channels and it is proved to be robust against channel power delay profile [10] [11] [12] . In [13] , LMMSE channel estimator for a system employing per tone selection is derived. The performance of LMMSE based channel estimator in MIMO-OFDM system is improved by combining with optimal power allocation [15] [16] [17] [18] . Extending this to per tone antenna selection scheme is not simple as the autocorrelation matrix is noninvertible due to fluctuations in its rank. This paper pro-poses a LMMSE based channel estimation along with optimal power allocation scheme for MIMO-OFDM with per tone antenna selection system. An eigenvalue decomposition (EVD) of the autocorrelation matrix is employed to obtain a scalar MSE expression such that optimal power allocation scheme can be applied. A convex optimization framework is formulated to minimize the channel estimation MSE subject to sum power constraint. The improvement in the performance of LMMSE estimate with optimal power allocation is validated through MSE and BER analysis.
When LMMSE channel estimator is used in the system employing per tone selection with ATSA error, it results in intolerable performance at high SNR. This is due to error introduced in channel frequency correlation [12] . To overcome this problem in the system with equal power allocation to subcarriers, a hybrid estimator is proposed in [13] . This paper extends the design of hybrid estimator with optimal power allocation to subcarriers. Hybrid estimator requires less knowledge about the channel correlation and robust to ATSA error. It improves the performance of LMMSE estimator by switching to relaxed MMSE which is less complex and easy to implement. A closed form expression for the SNR threshold at which the estimator switches from LMMSE to relaxed MMSE is derived analytically.
The paper is organized as follows. System model with per subcarrier transmit antenna selection and maximal ratio combining at the receiver is presented in Sec. 2. The effect of incorrect antenna selection in the channel estimation is analyzed in Sec. 3. The proposed method of estimating CSI is described in Sec. 4. The performance of the proposed technique is analyzed by simulations in Sec. 5. Section 6 concludes the paper. In this paper, boldface letters are used to denote matrices and vectors. Superscript H denotes Hermitian operations,  denotes the Kronecker product and E[ ] denotes the expectation operation. vec(C) transforms a matrix   1 2 , , , n  C c c c  into a column vector 1 2 , , ,
, where c i is the i th column vector of C.
System Model
Consider a MIMO-OFDM system with n t transmit antennas and n r receive antennas. It is assumed that the OFDM symbol has N subcarriers. Let g(i, j) be a L1 channel impulse response vector between the j th transmit antenna and the th i receive antenna. The corresponding channel frequency response (CFR) between the j th transmit antenna and the i th receive antenna at the k th subcarrier is given by
At each subcarrier, one of the n t transmit antennas is selected for transmission. The criterion for selecting the j th transmit antenna is given by
This ATSA information is signaled through a binary symmetric control channel to the receiver. The N1 receive signal vector at the i th receive antenna is given by
where X is a NN diagonal matrix, defined as
. The data on the k th subcarrier b k is assumed to be a random variable with zero mean and unit variance and p k is power of the k th subcarrier. h (i) is a N1 selected CFR vector at the i th receive antenna, defined as
where 
where a j is N1 vector with its k th element being unity if the j th antenna is selected for the k th subcarrier transmission. 
Optimal Power Allocation Algorithm
R h (i) is a Hermitian and positive definite matrix with the eigenvalue decomposition
where U (i) is a unitary matrix and
The channel CFR vector h (i) is assumed to be Gaussian with zero mean and auto correlation matrix R h (i) of size NN. The LMMSE estimation of selected CFR vector h (i) is given by [19] 
Substituting (3), the statistical average
Using matrix inversion lemma,
, and
On rearranging, (14) is rewritten as
As R h (i) is a Hermitian and positive definite matrix and X H X in (15) is a multiple of the identity matrix,
is also Hermitian and positive definite matrix. It has the same basis of eigen decomposition as that of R h (i) [21] . The eigen decomposition of
where Λ is NN diagonal matrix with the r c number of non zero diagonal elements
. The vector expression for MSE in (15) is reduced to scalar expression as
Mean square error in (18) can be minimized by allocating optimal power to r c subcarriers, with the sum
where P is the total power.
Mathematically, the optimization problem is formulated as
The equation in (19) is a constrained optimization problem and can be solved using Lagrangian multiplier method. The Lagrangian associated with the minimization problem in (19) is given by
where μ is Lagrangian multiplier.
The optimal power for the k th subcarrier p k is computed by differentiating (20) with respect to k p and equating to zero. It is determined as
where     max , 0 y y  
. Using (21) and the sum power constraint in (19) , the expression for Lagrangian multiplier μ is derived as
Substituting the value of μ from (22) in (21), the expression for optimal power for the k th subcarrier that minimizes the mean square error of the LMMSE channel estimator is expressed as
Performance Analysis with ATSA Error
This paper deals with MIMO-OFDM system in Time Division Duplexing (TDD) environment. At the transmitter, antenna is selected for each subcarrier based on chan-nel coefficients between each transmit antenna and receive antenna. The antenna selection information is transmitted to the receiver through a binary symmetric control channel. However, when the bandwidth of binary symmetric control channel is limited, it introduces ATSA error. Conventionally, LMMSE estimator is employed at the receiver to estimate the channel coefficients at the receiver. Although it performs well at low SNR, it introduces irreducible error at high SNR in the presence of ATSA error. This section characterizes the MSE due to ATSA error. Let S o,k be NNn t selection matrix with error in the k th subcarrier. The resultant CFR vector is
Then, LMMSE channel estimate in (11) is modified as
Using simple algebraic metric, the LMMSE estimate in (24) is modified as [20] 
With real data as pilots, (25) is rewritten as,
The mean square error of LMMSE estimator with ATSA error in the k th subcarrier is written as
According to orthogonality principle, the second term in (27) is zero [19] . Then,
Substituting (26) in (28),
The expression for
k ATSA h in (29) can be simplified further using eigenvalue decomposition of the terms
U is a unitary matrix and [21] . Hence, the eigen decomposition
where
 is the diagonal matrix with its j th diagonal element as
where r k is the rank of
where r c is the rank of R h (i) . Let
Using (31) and (33), (32) is simplified as
With perfect ATSA, replacing (29) and simplifying gives an expression for mean square error with perfect ATSA in the same format as (34). It is derived as,
When a binary symmetric channel with the crossover probability of q is utilized to send the selection information in S o , the probability of receiving a symbol with no ATSA error is error of LMMSE estimator with crossover probability q of binary symmetric channel is given by
Substituting (34) and (35) 
Proposed Hybrid Estimator with Optimal Power Allocation

Results and Discussion
In this section, simulations are carried out to analyze the MSE performance of the proposed hybrid channel estimator with optimal power allocation in the presence of ATSA error in MIMO-OFDM system with per-subcarrier antenna selection. The simulation parameters are listed in Tab. 1.
Sl. No Parameters Values
No. of transmit antennas (n t (L) 4 (Uniform) 14 (Extended Pedestrian-A) [22] 78 (Extended Vehicular-A) No. of subcarriers (N) 16 64 (Extended Pedestrian-A) 128 (Extended Vehicular-A) Tab. 1. Simulation parameters for MIMO-OFDM system with per-subcarrier antenna selection with optimal power allocation.
The effect of ATSA error in average MSE is studied by plotting the normalized error, which is defined as
. Figure 1 shows the effect of ATSA error in LMMSE estimator for the control channel crossover probabilities of 0.1 and 0.01, in a 2x2 MIMO-OFDM system with per-subcarrier transmit antenna selection. The number of subcarriers in the OFDM symbol is 16. With the crossover probability of q = 0.1, η is 0.2592 at SNR of 10 dB and it increases to 7.417 at SNR of 30 dB. Similarly, when q = 0.01, η increases from 0.02985 at 10 dB to 0.8685 at 30 dB. As the normalized error increases with increase in SNR, performance of LMMSE estimator decreases as SNR increases. Figure 2 shows the MSE performance of LMMSE estimator with perfect ATSA, when the proposed optimal power allocation is applied at subcarrier level in 2x2 MIMO-OFDM system with per-subcarrier transmit antenna selection. It is assumed that the number of subcarriers in the OFDM signal is 16. The length of the channel is L = 4. The performance of the estimator is compared with MSE performance of the LMMSE estimator with equal power allocation. It is observed that the LMMSE estimator with optimal power allocation requires 1.2 dB less SNR compared to LMMSE estimator with equal power allocation at the MSE of -30 dB. Figure 3 shows the MSE performance of the proposed hybrid estimator with optimal power allocation. The MSE performance of the proposed hybrid estimator is compared with MSE performances of LMMSE estimator with perfect ATSA, LMMSE estimator with ATSA error and RMMSE estimator with optimal power allocation. It is assumed that the crossover probability of binary symmetric channel is, q = 0.1 which introduces ATSA error. The number of subcarriers used in OFDM signal is N = 16 and the channel length is taken as L = 4. The performance of RMMSE estimator is better than that of LMMSE with ATSA error, at high SNR. As the proposed hybrid estimator is designed such that it combines the merits of both LMMSE and RMMSE estimators, the MSE performance of the proposed hybrid estimator is same as LMMSE estimator up to 2 dB SNR. At 2 dB, the performance of LMMSE estimator starts degrading. Further, MSE of LMMSE estimator becomes irreducible and almost constant from the SNR of 12 dB. The proposed hybrid estimator switches to RMMSE estimator at 12 dB. The threshold SNR, SNR TH is calculated using (45) for various crossover probabilities of binary symmetric channel assuming that the number of subcarriers is N = 16 in a 2x2 MIMO-OFDM system with per-subcarrier antenna selection and with optimal power allocation. They are summarized in Tab. 2. At the threshold SNR, the proposed hybrid estimator switches from LMMSE estimator to RMMSE estimator to improve the MSE performance. Figure 4 shows the MSE performance of the proposed hybrid estimator for q = 0.01 for N = 16 and 128 with optimal power allocation among subcarriers. The hybrid estimator switches to RMMSE estimator at SNR of 18 dB and 22 dB with 16 and 128 subcarriers per OFDM symbol respectively. Figure 5 shows the MSE performance of LMMSE, LMMSE with ATSA error, RMMSE and hybrid estimators for extended pedestrian-A power delay profile. The crossover probability of binary symmetric channel is assumed as Figure 6 shows the MSE performance of LMMSE, LMMSE with ATSA error, RMMSE and hybrid estimators for extended vehicular-A power delay profile. To simulate the MSE performance, an OFDM symbol with 128 subcarriers is considered. The crossover probability of binary symmetric channel is assumed as q = 0.01.The hybrid estimator switches to RMMSE estimator at SNR of 24 dB. Figure 7 shows the symbol error rate (SER) performance of LMMSE estimator with perfect ATSA with optimal and equal power allocation in 2x2 MIMO-OFDM system with per-subcarrier antenna selection. The number of subcarriers in the OFDM signal is considered as 16. The length of the channel is 4 L  . It is assumed that 16-QAM modulation is used. It is observed that the LMMSE estimator with optimal power allocation requires 1 dB less SNR compared to LMMSE estimator with equal power allocation at the SER of 10 -3 . Figure 8 shows the SER performance of LMMSE estimator with perfect ATSA, LMMSE estimator with ATSA error, RMMSE estimator and proposed hybrid estimator when the crossover probability q = 0.1, N = 16 and L = 4 with optimal power allocation. LMMSE estimator gives 1 dB SNR improvement over RMMSE estimator at SER of 10 -1 . The performance of RMMSE estimator is better than that of LMMSE with ATSA error, at high SNR. As the proposed hybrid estimator combines the merits of both LMMSE and RMMSE estimators, the SER performance is same as LMMSE estimator for low SNR. SER of LMMSE estimator becomes irreducible after 12 dB. The proposed hybrid estimator switches to RMMSE estimator at 12 dB exactly. Figure 9 shows the SER performance of the proposed hybrid estimator for crossover probability q = 0.01 with number of subcarriers N = 16 and 128. 16-QAM modulation is used. The hybrid estimator switches to RMMSE estimator at SNR of 18 dB with 16 subcarriers per OFDM symbol. The hybrid estimator switches to RMMSE estimator at SNR of 22 dB with 128 subcarriers per OFDM symbol. Figure 10 shows the SER performance of the proposed hybrid estimator with optimal power allocation for extended pedestrian-A power delay profile. It is assumed that the number of subcarriers in the system is N = 64 and the crossover probability of binary symmetric channel is q = 0.01. The SER performance with optimal power allocation is compared with SER performances of LMMSE estimator, LMMSE estimator with ATSA error and RMMSE estimator. The hybrid channel estimator switches to RMMSE estimator at SNR of 30 dB. Figure 11 shows the SER performance of LMMSE, LMMSE with ATSA error, RMMSE and hybrid estimators for extended vehicular-A power delay profile. To simulate the SER performance, an OFDM symbol with 128 subcarriers is considered and the crossover probability q is q = 0.01. The hybrid estimator switches to RMMSE estimator at SNR of 25 dB.
Conclusion
In this paper, a hybrid channel estimator along with optimal power allocation for per-subcarrier transmit antenna selection in MIMO-OFDM system in the presence of ATSA error is proposed. A scalar MSE expression for the channel estimation is derived to overcome the non invertibility of the autocorrelation matrix of CFR. A convex optimization problem is formulated with an objective to minimize the channel estimation MSE with a sum power constraint. The proposed hybrid channel estimator switches from LMMSE estimator to relaxed MMSE estimator exactly at the SNR where ATSA error dominates. An analytical expression for SNR threshold with optimal power allocation is derived. The SER performance of the proposed hybrid channel estimator is also found to be improved.
